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432 TESTS OF HYPOTHESES 4

test with critical region = {{X;, ..., X»): 3 (¥; - w)* >k*} is uniformly most
powerful of size @, where k* is given by Ppa_j [} (X — u)? > k*] = «, which
implies that k* = o2 y2_,(n), where x} _,(n) is the (1 — x)th quantile point of the
chi-square distribution with n degrees of freedom.

If pis unknown, a test can be found using the statistic ¥ = Y (X, — X)*af.
¥ will tend to be larger for 67 > 63 than for 6 < o3 ; 50 a reasonable test would
be to reject #, for ¥ large. 1f 6% =63, then ¥ has a chi-square distribution
with n—1 degrees of freedom, and Pra-,q[V > y¥_(n— 1)] =o, where
13 _o(n — 1) is the (1 — a)th quantile of a chi-square distribution with n — 1
degrees of freedom. It can be shown that the test given by the following:
Reject #,, if and only if ¥ (X; — X)*/e] > x7-.(n — 1) is a generalized likeli-
hood-ratio test of size «.

Hy: 6 = o2 versus #,: o # o5 We leave the case u assumed known as an
exercise. For p unknown, so that 8y = {(g, 6): —c0 <p <0, o? = g2}, we
can find a size-o test using the confidence-interval method. In Subsec. 3.2 of
Chap. VIII, we found the following 100y percent confidence interval for o%:

()

where g, and ¢, are quantile points of a chi-square distribution withn — | degrees
of freedom, say f(g; n — 1), satistying

92
[ fulgsn—1ydg=y.
g1

A size-(a = 1 — p) test is given by the following: Accept #, if and only if 62 Is
contained in the above confidence interval. It is left as an exercise to show that
for a particular pair of g, and g, the test of size derived by the confidence-
interval method is in fact the generalized likelihood-ratio test of size «.

4.3 Tests on Several Means

In this subsection we will consider testing hypotheses regarding the means of two
or more normal populations. We begin with a test of the equality of two means.

Equality of two means In many situations it is necessary to compare two
means when neither is known. If, for example, one wished to compare two
proposed new processes for manufacturing light bulbs, one would have to base
the comparison on estimates of both process means. In comparing the yield of
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4 TESTS OF HYPOTHESES-—SAMPLING FROM THE NORMAL DISTRIBUTION 433

a new line of hybrid corn with that of a standard line, one would also have to use
estimates of both mean yields because it is impossible to state the mean yield of
the standard line for the given weather conditions under which the new line
would be grown. It is necessary to compare the two lines by planting them in
the same seasont and on the same soil type and thereby obtain estimates of the
mean yields for both lines under similar conditions. Of course the comparison
is thus specialized; a complete comparison of the two lines would require tests
over & period of years on a variety of soil types.

The general problem is this: We have two normal populations—one with
a random variable X, which has a mean yu, and variance o2, and the other with
a random variable X, , which has a mean p, and variance 2. On the basis of
two samples, one from each population, we wish to test the null hypothesis

Hoil =M, 0:>0,65>0 versus Hyip, # i, 0l >003>0.

The parameter space © here is four-dimensional; a joint distribution of X, and
X, is specified when values are assigned to the four quantities (¢, u,, o7, o).
The subspace B, is three-dimensional because values for only three quantities
(i, 6%, 62) need be specified in order to specify completely the joint distribution
under the hypothesis that g; = u, = p, say.

We shall suppose that there are »; observations (X;;, Xiz, ..., Xj,,) in
the sample from the first population and n, observations (X, X3z, ..., X3,,)
from the second. The likekthood function is

2 2. —
L(,uis Hos 0103 5 X115 200 xlrxp Xagsenns x2nz) =L

1 \m/2 mx — #1)2]( 1 )nzl2 mf o\ 2
— 1 : _1 T R o
(2750’1’) exP[ *4 ( o, 203 oP [ : ; ( oy ) },

and its maximum in © is readily seen to be

n, nif2 Ny nzf2

sup L = - g Mgl

¢ 2”;(351:‘—551)2 2”2("2;“‘52)2

t

If we put u; and p, equal to . say, and try to maximize L with respect to y, a3,
and o3, it will be found that the estimate of y is given as the root of a cubic
equation and will be a very complex function of the observations. The resulting
generalized likelihood-ratio A will therefore be a complicated function, and to
find its distribution is a tedious task indeed and involves the ratio of the two
variances. This makes it impossible to determine a critical region 0 <1 < k
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for a given probability of a Type I error because the ratio of the population Fin:
variances is assumed unknown. A number of special devices can be employed
in an attempt to circumvent this diffieulty, but we shall not pursue the problem
further here. For large samples the following criterion may be used: The root
of the cubic equation can be computed in any instance by numerical methods, and

A can then be calculated; furthermore, as we shall see in Sec. 5 below, the Sub
quantity —2 log A has approximately the chi-square distribution with one qua
depree of freedom, and hence a test that would reject for —~2 log A targe could ent
be devised. ot 7

When it can be assumed that the two populations have the same variance, I -
the problem becomes relatively simple. The parameter space © is then three- X -
dimensional with coordinates (u,, p,, ¢°), while O, for the null hypothesis ind
[t = ptp =t is two-dimensional with coordinates (g, 6°). In © we find that deg
the maximum-likelihood estimates of y;, i, , and ¢~ are, respectively, %, X, wit]
and

[Z (x1; — %)° + Z (x2; — %3) }

fy + o
%o isn
n, +n2 }(m+nz].’2 et 2
su Lz{ — — o= (m+n2)i2,
§p 275[2 (x;— %)* + Z(xlj - xz)z]
In 8,, the maximum-likelihood estimates of y and o? are has
nX; 4 nyX hav
141 2X2 i
X4 x5 = —————t for , aliz
n1+n2 (Z 1 Z 21) n + Hy #
and
%y — f)? + Xy = ()2 3
P [ (s — BY + 3 (xy5 ﬁ)] and
I A o P2 2] cou
= p X)) Xy — X))t + X —X
"+ [Z (xy; 1) Z( 2j 2) P (%, 2) | T? -
: for 0.2, ) tdi
1 which gives
i -;fl
sup L T>
S (i +n2)/2 ' (1-
n
2ﬁ[§: (x;— %) + Z(xZJ - %)+ 4(551 - 552)2] Eqi
ot just

X e*"(m*‘ﬂz}fl_ ava
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Finally,

1= (1 + fryiaf(ny + 1) HF — X’ )-(Mﬂzm
Y G %)+ Y(x2— %)
This last expression is very similar to the corresponding one obtained in
Subsec. 4.1, and it turns out that this test can also pe performed in terms of a
i guantity which has the # distribution. We know that X; and X, are independ-
" ently normally distributed with means (4 and p, and with variances ¢%/n; and
ojn,. Alsoitis readily seen that Xy — X, is normally distributed with mean
uy — My and variance a(1fny + 1/m2)- Under the nuil hypothesis the mean of
X, — X, will be 0. The quantities Y, (X1; = X,)?fo% and . (X25— X,)%jo* are
independently distributed as chi-square distributions with ny — 1 and n, — 1
degrees of freedom, respectively; hence their sum has the chi-square distribution
. with ny + ny — 2 degrees of freedom. Since under the null hypothesis
D Sk ST
o1y + Uns
R is normally distributed with mean 0 and unit variance, the quantity
2 T \/_?11?:2/(?11 + "z)(Xx__"‘ :—fz) (18)
N B (X — X))+ Y (X5 X PV +h2 2)

has the ¢ distribution with n, + ny — 2 degrees of freedom. [Note that we do
have independence of the numerator and denominator in Eq. (1 8).] The gener-

1 alized likelihood-ratio is
l 1 (ry+n2)/2
= ___,.__'-———l——"__—'—— ’
L T - 2)]] 19)

(17)

and its distribution is determined by the ! distribution. The test would, of
course, be done in terms of T rather than 1. A 5 percent critical region for T'is
T2 > [t g7slm + 72— 2)P, where # g75(m + 72~ 2) is the .975th quantile of the
; ; distribution with 7y + 12 —2 degrees of freedom.
Tf we want to test o2 i1 = H2 versus 1 My > B2 O Hyt ty S g VETSUS
Ayt > Mo, B SIZEE test is given by the following: Reject #¢ if and only if
T >t +82— 2), where 7'is defined in Eq. (18) and 4; _g(ny +ny—2) s the
(1 — o)th quantile of the ¢ distribution with ny -+ 72 — 2 degrees of freedom.

Equality of several means The 1est presented above can be extended from
just two normal populations to & normal populations. We assume that we have
available k random samples, one from each of k normal populations; that is,




